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Abstract

This paper studies two-lane totally asymmetric simple exclusion processes (TASEP) coupled with particle creation and

annihilation in one of the two lanes (lane 2). The dependence of the density profiles of both lanes on the lane-change rate O
is investigated. It is shown that with the increase of O, a complex behavior on both lanes occurs. Synchronization of the

shocks in both lanes occurs when O exceeds a threshold Oc � 10. A boundary layer is also observed at the left boundary as

a finite-size effect. The situations arising from very large creation/annihilation rate and very small creation/annihilation

rate are also investigated. The mean-field analysis is presented and it agrees well with Monte Carlo simulations.

r 2006 Elsevier B.V. All rights reserved.
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1. Introduction

In recent years, asymmetric simple exclusion processes (ASEPs) have become an important tool for
investigation of many processes in chemistry, physics and biology [1,2]. ASEPs were introduced in 1968 as
theoretical models for describing the kinetics of biopolymerization [3] and have been applied successfully to
understand polymer dynamics in dense media [4], diffusion through membrane channels [5], gel
electrophoresis [6], dynamics of motor proteins moving along rigid filaments [7], the kinetics of synthesis of
proteins [8], and traffic flow analysis [9,10].

ASEPs are discrete non-equilibrium models that describe the stochastic dynamics of multi-particle transport
along one-dimensional lattices. Each lattice site can be either empty or occupied by a single particle. Particles
interact only through hard core exclusion potential. Exact solutions for the stationary state exist for periodic
[11] and open boundary conditions [12] and different update schemes [13–15]. The simplest limit of ASEP is
that particles can only move in one direction. This is called the totally asymmetric simple exclusion process
(TASEP).
e front matter r 2006 Elsevier B.V. All rights reserved.
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Recently, the coupling of ASEPs with different equilibrium and non-equilibrium processes has led to many
unusual and unexpected phenomena. For example, Popkov et al. considered parallel-chain ASEPs [16–18].
However, in these investigations the coupling between different chains was indirect, i.e., hopping between the
chains was forbidden. Pronina and Kolomeisky studied two-chain asymmetric exclusion processes, in which
particles can move between the lattice channels [19]. Mitsudo and Hayakawa extended the two-lane model [19]
to a case incorporating the asymmetric lane-change rule and boundary parameters and found the
synchronization of kinks [20]. Parmeggiani et al. investigated the interplay of TASEP with the creation and
annihilation of particles (Langmuir kinetics, LK) [21]. The phenomenon of localized density shocks was
produced and was explained by applying a phenomenological domain wall theory [22–25].

The aim of the present paper is to investigate the coupling of two-lane TASEP with LK and to study the
shocks in both lanes. This is relevant for studies of, e.g., motor proteins kinetics moving along the parallel
protofilaments of microtubules without restrictions for them to jump between these protofilaments and of
two-lane traffic models with bulk on–off ramps (such as parking places along the road). This paper discusses
the case where creation and annihilation of particles occur only in one of the two lanes. A mean-field analysis
is presented and computer Monte Carlo (MC) simulations are performed to validate our mean-field analysis.

The paper is organized as follows. In Section 2 we give a description of the two-lane TASEP model,
considering the creation and annihilation of particles. In Section 3, we present and discuss the results of MC
simulations. In Section 4, a mean-field analysis is presented and is shown to agree well with MC simulation
results. Finally, we give our conclusions in Section 5.
2. Model

Our model is defined in a two-lane lattice of N � 2 sites, where N is the length of a lane. We introduce an
occupation variable t‘;i where t‘;i ¼ 1 (or t‘;i ¼ 0) indicates that the state of the ith site in the ‘th lane is
occupied (or vacant). We apply the following dynamical rules (also see Fig. 1). For each time step, a site ð‘; iÞ is
chosen at random.
�
 Case ‘ ¼ 1 (i.e., lane 1):
� Subcase i ¼ 1: (i) If t1;1 ¼ 0, a particle enters the system with probability a. (ii) If t1;1 ¼ 1 and t1;2 ¼ 0,
then the particle in the site of ð1; 1Þ moves into site ð1; 2Þ. (iii) If t1;1 ¼ 1 and t1;2 ¼ 1, then the particle in
the site of ð1; 1Þ stays there. No lane change occurs here [27].
� Subcase i ¼ N. If t1;N ¼ 1, the particle leaves the system with probability b. No lane change occurs [28].
� Subcase 1oioN. If t1;i ¼ 1, the particle moves into site ð1; i þ 1Þ if t1;iþ1 ¼ 0. Otherwise, it changes to
lane 2 with probability o if t2;i ¼ 0.
�
 Case ‘ ¼ 2 (i.e., lane 2):
� Subcase i ¼ 1. (i) If t2;1 ¼ 0, a particle enters the system with probability a. (ii) If t2;1 ¼ 1 and t2;2 ¼ 0,
then the particle in the site of ð2; 1Þ moves into site ð2; 2Þ. (iii) If t2;1 ¼ 1 and t2;2 ¼ 1, then the particle in
Fig. 1. Two-lane TASEP scheme with bulk creation/annihilation in one of the two lanes (i.e., lane 2).
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the site of ð2; 1Þ stay there. No lane change occurs. In other words, all situations in this subcase are
similar to that in lane 1.
� Subcase i ¼ N. If t2;N ¼ 1, the particle leaves the system with probability b. This is also similar to the
situation in lane 1.
� Subcase 1oioN. (i) If t2;i ¼ 1, the particle may leave the system with probability oD. If it cannot leave
the system, then it moves into site ð2; i þ 1Þ if t2;iþ1 ¼ 0. Otherwise, it changes to lane 1 with probability
o if t1;i ¼ 0. (ii) If t2;i ¼ 0, a particle enters the system with probability oA.
. 2.

chr
3. Simulation results

In this section, the results of MC simulations are presented. For the problem of a single-lane ASEP with
creation and annihilation, if the rates of creation/annihilation scale correctly with the system length, one
observes a subtle interplay between the left and right particle reservoirs. Therefore, as in Ref. [21], we define
the lane-exchange rate O as O ¼ oN. For the deduced rates OA and OD [23], they are defined as OA ¼ oAN

and OD ¼ oDN. Also, K ¼ OA=OD.
Figs. 2 and 3 show the density profiles of both lanes for various values of O. The parameters are set to

N ¼ 1000, a ¼ 0:2, b ¼ 0:6, OD ¼ 0:2 and K ¼ 3. In simulations, stationary profiles are obtained over 105 time
averages (with a typical time interval of 10N between each average step). The first 105 N time steps are
discarded to let the transient time out. For the special case of O ¼ 0 (see Fig. 2(a)), the two-lane process
retreats to two separated processes: an ASEP (lane 1) and an ASEP with creation and annihilation (lane 2).
Therefore, for the given parameters, the density remains constant in lane 1 (except near the right boundary)
and a shock appears in lane 2.

When O40, particles can change lane. With the increase of O, the location of the shock in lane 2 shifts right
(see Fig. 2). Also, both the amplitude and density of the shock decrease. At the same time, the slope of the bulk
density in lane 1 increases [29].

When O further increases, the shock begins to appear in lane 1 at x ¼ x1 (see Fig. 3(a) where O ¼ 0:65) [30].
We denote the location of the shock in lane 2 as x ¼ x2. It can be seen that the density in lane 2 is divided into
the following three ranges: (i) In the range of xox2, the density increases with x (the slope is denoted as s1). (ii)
In the range of x2oxox1, the density also increases with x but the slope s2 is different from s1. (iii) For x4x1,
the density decreases with x.

As O increases, the shock in lane 2 moves further right first, but its amplitude decreases (see Fig. 3(a) where
O ¼ 0:65, also see Fig. 3(b) where O ¼ 1:0). The slope s2 increases. The shock in lane 1 moves left and its
(Color online) Density profiles from MC simulations for different values of O. In (b), the density profiles of the two lanes are

onized. The system size N ¼ 1000, OA ¼ 0:6, OD ¼ 0:2, a ¼ 0:2, b ¼ 0:6.
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Fig. 3. (Color online) Comparison of the results of a mean-field analysis (dashed) with the results of MC simulations (solid). The

parameters are Dt0 ¼ 0:001, Dx ¼ 0:002, N ¼ 1000, OA ¼ 0:6, OD ¼ 0:2, a ¼ 0:2, b ¼ 0:6. (a) O ¼ 0:2 and O ¼ 0:65, (b) O ¼ 1:0,
(c) O ¼ 2:0, (d) O ¼ 3:0, (e) O ¼ 10:0, (f) O ¼ 50:0.
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Fig. 4. Density profiles in lane 2 for different values of O. The results are from mean-field analysis. The parameters are Dt0 ¼ 0:001,
Dx ¼ 0:002, N ¼ 1000, OA ¼ 0:6, OD ¼ 0:2, a ¼ 0:2, b ¼ 0:6.
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amplitude increases. Details are as follows:
�
 When O increases from 1.0 to 2.0, the shock in lane 2 still moves right, the slope s2 still increases, but its
amplitude increases (see Figs. 3(b) and (c)). The shock in lane 1 moves left and its amplitude increases.

�
 When O increases from 2.0 to 3.0, the shock in lane 2 moves left slightly (see Fig. 4), both the slope s2 and
its amplitude increase (see Figs. 3(c) and (d)). The shock in lane 1 moves left and its amplitude increases.

�
 When O increases from 3.0 to 10.0, one finds the shock in lane 2 moves left (see Fig. 4), its amplitude
increases (see Figs. 3(d) and (e)). The shock in lane 1 moves left and its amplitude increases. For O ¼ 10, the
shocks in both lanes become synchronized.

�
 When O increases from 10.0 to 50.0, the synchronized shocks move left (see Figs. 3(e) and (f)).

When O450:0, the synchronized shocks move right as O increases. Furthermore, the density profile near the
left boundary begins to decrease, i.e., a boundary layer is appearing at x ¼ 0 (Fig. 2(b)).

This is explained as follows. When O is large, the particles can change lane easily when they are hindered.
As a result, the probability that a particle at i ¼ 1 is hindered by another particle at i ¼ 2 which comes from
the other lane increases, which means the ‘‘real density’’ on site i ¼ 2 is higher than the ‘‘calculated density’’.
Therefore, the actual flow rate from i ¼ 1 to 2 decreases due to the higher ‘‘real density’’ on site i ¼ 2.
Consequently, the boundary layer forms.

However, with the increase of system size, the boundary layer weakens (Fig. 5). Therefore, we believe the
boundary layer is a finite-size effect and in the limit of infinite system, the boundary layer will disappear.

Next we investigate the bulk density profile, i.e., the profile of ðr1 þ r2Þ=2. The results are shown in
Fig. 6. This shows that as O increases, the density decreases on the left side of the bulk and increases on the
right side of the bulk. Finally, a stronger shock can be observed when O41:5.

We have changed the parameters and found out that provided there is a shock in lane 2 in the case of O ¼ 0,
the results are similar to those presented above when O increases.

However, if OA and OD are so large that the creation and annihilation dominate lane 2 in the case of O ¼ 0,
different results appear. In Fig. 7, we show the results at different values of O, where OD ¼ 10 and K ¼ 3.
It can be seen that the density profile in lane 2 is independent of O. However, as O increases, a shock appears in
lane 1, then it moves left and its amplitude increases. Finally the density profile in lane 1 becomes identical to
that in lane 2.

This is interpreted as follows. Here lane 2 acts as a homogeneous bulk reservoir for lane 1. The problem,
therefore, reduces to a single lane TASEP with creation and annihilation of particles. The difference from
the TASEP coupled with LK comes from the fact that the creation and annihilation rules are different.
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Fig. 6. (Color online) Bulk density profiles for different values of O. The parameters are N ¼ 1000, OA ¼ 0:6, OD ¼ 0:2, a ¼ 0:2, b ¼ 0:6.

ρ

Fig. 5. Density profile where O ¼ 1000. The dashed line is the result from mean-field analysis. The parameters are Dt0 ¼ 0:001,
Dx ¼ 0:002, OA ¼ 0:6, OD ¼ 0:2, a ¼ 0:2, b ¼ 0:6.
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The annihilation is fulfilled by changing to lane 2 and the creation is fulfilled by changing lane from lane 2.
Therefore, increasing lane changing rate O in this problem is just like increasing OA and OD in TASEP coupled
with LK. As a result, the shock forms on lane 1 when O increases (c.f. Fig. 2 in Ref. [21]).

When OA and OD are very small, no shock will appear on both lanes. In Fig. 8, we show the density profiles
with different values of O, where OD ¼ 0:002 and K ¼ 3. It can be seen that as O increases, the density of the
whole system decreases and a boundary layer forms at x ¼ 0 similar to Fig. 2(b).
4. Mean-field analysis

In this section, a mean-field theory is developed. The exact equation for the evolution of particle densities
ht‘;ii excluding the boundaries (i.e., 1oioNÞ is given by

dht1;ii
dt
¼ ht1;i�1ð1� t1;iÞi � ht1;ið1� t1;iþ1Þi þ oht2;it2;iþ1ð1� t1;iÞi � oht1;it1;iþ1ð1� t2;iÞi, (1)
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Fig. 8. (Color online) Density profiles from MC simulations for different values of O. The parameters are N ¼ 1000, OA ¼ 0:006,
OD ¼ 0:002, a ¼ 0:2, b ¼ 0:6. The slightly higher density profile in red corresponds to lane 2. For O ¼ 100 and 1000, the density profiles in

both lanes are identical.

Fig. 7. Density profiles fromMC simulations for different values of O. The parameters are N ¼ 1000, OA ¼ 30, OD ¼ 10, a ¼ 0:2, b ¼ 0:6.
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dht2;ii
dt
¼ ht2;i�1ð1� t2;iÞi � ht2;ið1� t2;iþ1Þi þ oAh1� t2;ii � oDht2;ii

þ oht1;it1;iþ1ð1� t2;iÞi � oht2;it2;iþ1ð1� t1;iÞi, ð2Þ

where h� � �i denotes a statistical average. Here the term oht1;it1;iþ1ð1� t2;iÞi is the average current from site i in
lane 1 to site i in lane 2, while oht2;it2;iþ1ð1� t1;iÞi is the average current from site i in lane 2 to site i in lane 1.
At the boundaries, the densities evolve as

dht‘;1i
dt
¼ �ht‘;1ð1� t‘;2Þi þ ah1� t‘;1i, (3)

dht‘;Ni
dt
¼ ht‘;N�1ð1� t‘;NÞi � bht‘;Ni. (4)
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When N is large, we can make the continuum mean-field approximation to Eqs. (1) and (2). First, we
factorize correlation functions by replacing ht‘;ii and ht‘;iþ1i with r‘;i and r‘;iþ1, then we set

r‘;i�1 ¼ rðxÞ �
1

N

qr
qx
þ

1

2N2

q2r
qx2
� � � . (5)

Substituting (5) into Eqs. (1) and (2), we obtain [31]

qr1
qt0
¼

1

2N

q2r1
qx2
þ ð2r1 � 1Þ

qr1
qx
þ Oð1� r1Þr

2
2 � Or21ð1� r2Þ, (6)

qr2
qt0
¼

1

2N

q2r2
qx2
þ ð2r2 � 1Þ

qr2
qx
þ OAð1� r2Þ � ODr2 � Oð1� r1Þr

2
2 þ Or21ð1� r2Þ, (7)

where t0 ¼ t=N, O ¼ oN and OA;D ¼ oA;DN. The boundary conditions become r‘ðx ¼ 0Þ ¼ a and
r‘ðx ¼ 1Þ ¼ ð1� bÞ.

The density profiles of the two lanes can be calculated by setting the time derivatives of Eqs. (6) and (7) to
zero. As it is difficult to obtain analytical solutions, we analyze the mean-field equations numerically. We
discretize Eqs. (6) and (7) into

rnþ1
1;i � rn

1;i

Dt0
¼

1

2N

rn
1;i�1 � 2rn

1;i þ rn
1;iþ1

Dx2
þ ð2rn

1;i � 1Þ
rn
1;iþ1 � rn

1;i�1

2Dx

þ Oð1� rn
1;iÞðr

n
2;iÞ

2
� Oðrn

1;iÞ
2
ð1� rn

2;iÞ, ð8Þ

rnþ1
2;i � rn

2;i

Dt0
¼

1

2N

rn
2;i�1 � 2rn

2;i þ rn
2;iþ1

Dx2
þ ð2rn

2;i � 1Þ
rn
2;iþ1 � rn

2;i�1

2Dx

� Oð1� rn
1;iÞðr

n
2;iÞ

2
þ Oðrn

1;iÞ
2
ð1� rn

2;iÞ

þ OAð1� rn
2;iÞ � ODrn

2;i, ð9Þ

where n is the time-step index, and Dt0 and Dx are the time step and the space step, respectively. We assume
that the density profile at n ¼ 0 is homogeneous r1;2ðxÞ ¼ r0 ð0oxo1Þ. The density profiles at steady state can
be obtained from Eqs. (8) and (9) when n!1.

Fig. 9 shows the results of the mean-field analysis. It can been seen that as n!1, the density profiles
approach those of a steady state and the steady state profile is independent of the density profile at n ¼ 0.

In Fig. 3, we compare the results of the mean-field analysis with the results of MC simulations. We find
good agreement between the results of the mean-field analysis and the results of MC simulations, which
validates our mean-field analysis.

However, in the finite size, when O is large, the deviation from the MC simulation results is obvious (Fig. 5),
especially at the left bulk, where the boundary layer exists. This is, as we mentioned before, maybe due to a
finite-size effect. With the increase of system size, the deviation shrinks.

5. Conclusion

In this paper, the density profiles of TASEPs coupled with particle creation and annihilation in one of the
two lanes are investigated with mean-field analysis and using computer MC simulations. The mean-field
analysis results agree well with the results of MC simulations. It is found that as O increases, a complex
behavior on two lanes occur:
�
 With the increase of O, the amplitude of the shock in lane 2 first decreases and then increases. It first moves
right and then moves left slightly.

�
 A shock appears in lane 1 when O\0:6 and its amplitude increases as O increases. It moves left. The
synchronization of the shocks of the two lanes occurs when O\10:0.

�
 When O is large, the synchronized shock moves right and a boundary layer appears at x ¼ 0. We believe the
boundary layer is due to a finite-size effect.
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Fig. 9. Evolution of the density profile from a homogeneous one at n ¼ 0 according to Eqs. (8) and (9). (a) and (b) start from r0 ¼ 0:2; (c)
and (d) start from r0 ¼ 0:75. (a) and (c) are the density profiles of lane 2; (b) and (d) are the density profile of lane 1. The parameters are

Dt0 ¼ 0:001, Dx ¼ 0:002, N ¼ 1000, O ¼ 1:0, OA ¼ 0:6, OD ¼ 0:2, a ¼ 0:2 and b ¼ 0:6. When n420 000, the profile is almost unchanged. It

can be seen that the steady state density profile is the same in (a) and (c), also in (b) and (d).
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The situations arising from very large OA (OD) and very small OA (OD) are also investigated and different
results are found.

There are several extensions of the model, which can be explored in the future. For example, an asymmetric
lane-change rule can be used as in Ref. [20]. We can also consider the situation in which the creation and
annihilation occur in both lanes, or the creation occurs in one lane while annihilation in the other. Finally, the
situation that there are two or more species of particles in a system would be much more complex and
interesting [26].
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